We examine the possibility of spontaneous vectorization in the vector-tensor theories with the vector conformal and disformal couplings to matter. We study the static and spherically symmetric solutions of the relativistic stars with the nontrivial profile of the vector field satisfying the boundary conditions Aµ → 0 at the spatial infinity, where Aµ represents the vector field. First, we study the linear perturbations about the general relativistic (GR) stellar solutions with the vanishing vector field Aµ = 0. We show that the pure vector disformal coupling causes the ghost or gradient instability of the GR stars, indicating the breakdown of the hyperbolicity on the GR stellar backgrounds. On the other hand, the pure conformal coupling causes the tachyonic instability of the GR solutions and would lead to the spontanenous growth of the vector field toward the nontrivial solutions as in the manner of spontaneous scalarization in the scalar-tensor theories. We then construct the static and spherically symmetric solutions of the relativistic stars with 0 and 1 nodes of the vector field in the presence of the pure disformal coupling. We find that the properties of the solutions with the nontrivial vector field are similar to those of the generalized Proca theories. As in the mass-radius diagram the branches of the 0 and 1 node solutions are disconnected to that of the GR solutions in the lower density regimes, they may be formed from the selected choice of the initial conditions. Finally, we construct the 0 node solutions in the case of the pure conformal coupling, and show that the branch of these solutions is connected to that of the GR solutions in both the low and high density regions and hence would arise spontaneously via the continuous evolution from the GR solutions.
I. INTRODUCTION
It is well-known that general relativity (GR) has passed all experimental tests from the Solar System to the strong-field and low-velocity regime of binary pulsars [1] . With the dawn of gravitational-wave astronomy, a new frontier for testing GR in strong-field and high-velocity regimes has opened [2] [3] [4] . Some of the scalar-tensor theories of gravitation not only pass the Solar System tests, but also allow for large deviations from GR in the relativistic star interiors, such as neutron stars, through the process called spontaneous scalarization [5] . Spontaneous scalarization would be triggered by the tachyonic growth of the scalar field inside the relativistic stars. In the simplest case where the metrics in the Jordan and Einstein frames are related by the conformal transformation,g µν = A(φ) 2 g µν , the GR solution with the vanishing scalar field φ = 0 suffers from the tachyonic instability if (ln A) ,φφ < 0, leading to the relativistic stars with the nontrivial profile of the scalar field φ = φ(x µ ) [6] [7] [8] [9] [10] [11] [12] [13] . For the exponential coupling A(φ) = exp(γ α φ 2 /2), spontaneous scalarization of the static and spherically symmetric stars happens for γ α −4.35 [7, 8] , depending weakly on the equation of state and fluid properties [9, 13] .
An interesting question is whether phenomena similar to spontaneous scalarization can be induced by another field, for instance, the vector field. The possibility of spontaneous vectorization triggered by the tachyonic instability of the vector field A µ has been recently studied in Refs. [14] [15] [16] [17] [18] . The authors of Ref. [16] have studied the model of the vector-tensor theory with the nonminimal couplings to the Ricci tensor βR µν A µ A ν (as well as γRA µ A µ ), and found that below the threshould couplings β = O(−1.0) the GR solutions with the vanishing vector field A µ = 0 suffer from the tachyonic instability. They have also constructed the static and spherically symmetric solutions with the nontrivial vector field profile with 0 nodes for β = O(−0.1), which would be formed from the selected choice of the initial conditions, rather than from the tachyonic instability of the GR solutions. A similar model in the context of the generalized Proca theories [19, 20] with the nonminimal coupling to the Einstein tensor G µν A µ A ν , which is free from the Ostrogradsky instability, has been studied in Ref. [18] . The 0 node solutions have been shown to exhibit the similar behavior to those in the above model, and the 1 node solutions have also been studied. While the coupling parameter for the existence of the 1 node solutions is consistent with the instability of the GR solutions, in the mass-radius relation the branch of the nontrivial vector field solutions is not smoothly connected to that of the GR solutions with the vanishing vector field. Thus, it may be formed from the selected choice of the initial conditions as the 0 node solutions. These properties of the relativistic stars were much different from those of spontaneous scalarization.
While these studies have analyzed the possibility of spontaneous vectorization from the viewpoint of the Jordan frame where the nonminimal coupling of the vector field to the spacetime curvature is present, the other approach is to take the viewpoint of the Einstein frame where the nonminimal coupling of the vector field to matter is present. Ref. [14] has shown that the conformal coupling to the vector fieldg µν = C(X)g µν , where
is the norm of the vector field A µ and C(X) is the regular function of X, could trigger the tachyonic instability of the vector field, and the explicit stellar solutions with the nontrivial profile of the vector field have been constructed for the coupling C(X) = e βX (β < 0) and the nonzero mass of the vector field. More recently, Ref. [17] has also suggested that the vector disformal coupling [21] , g µν = g µν + B(X)A µ A ν , where B(X) is also the regular function of X, could also trigger the tachyonic instability of the vector field in the relativistic stars. The purpose of the paper is to present the more quantitative study of the relativistic stars with the nontrivial profile of the vector field in the presence of conformal and disformal couplings to matter, and to address whether the solutions satisfying the boundary conditions A µ = 0 at the spatial infinity can be the vectorized solutions of the relativistic stars. In this paper, we consider the vector-tensor theory with the direct coupling of the vector field and matter, whose action is given by
where κ 2 = 8πG/c 4 with G being the gravitational constant and c being the speed of light, g µν is the metric in the Einstein frame, R is the scalar curvature associated with g µν , A µ is the vector field, F µν := ∂ µ A ν − ∂ ν A µ is the field strength, and m 2 is the bare mass squared of the vector field. We assume that the metric in the Jordan frame denoted byg µν is related to the Einstein frame one g µν by the combination of conformal and disformal couplingsg
The gravitational part of the action S g in Eq.
(2) written in terms of the Jordan frame metricg µν belongs to a class of the beyond-generalized Proca theories [21] [22] [23] . In this paper, we will work in the units where the speed of light to be unity c = 1, unless it should be shown explicitly.
For the analysis of the solutions of the relativistic stars, we will employ only the polytrope equation of state [5, 24] (See Eqs. (63) and (66)). Since this equation of state would be less realistic, we will not make any comparison with the observational data associated with the mass and radius of the neutron stars, and focus on the physical properties of the solutions. In Ref [18] , it has also been shown that the qualitative features of the relativistic stars in the generalized Proca theories do not depend on the choice of the equations of state. We expect that in our model the properties of the star are also less sensitive to the choice of the equation of state.
The organization of the paper is as follows: In Sec. II, we will derive the set of the covariant equations of motion by varyng the action (2) and analyze the stability of the GR solutions. In Sec. III, we will apply the above formulation to the static and spherically symmetric spacetme, reduce the set of the equations of motion to the modified Tolman-Oppenheimer-Volkov system, and derive the interior and exterior solutions of the star. In Sec. IV, we will analyze the properties of the test vector field on top of the constant density star, and estimate the typical values of the conformal and disformal couplings to enhance the vector field at the center of the star. In Sec. V, we will explicitly construct solutions of the relativistic star with the nontrivial vector field profile in the simplest model of the pure disformal coupling and discuss their properies. In Sec. VI, we will analyze the simplest model with the pure conformal coupling. The last Sec. VI will be devoted to a brief summary and conclusion.
II. THE VECTOR-TENSOR THEORIES AND THE GR SOLUTIONS
In this section, we derive the covariant equations of motion by varying the action (2) with respect to the Einstein frame metric g µν and the vector field A µ .
A. The covariant equations of motion
Varying the action (2) with Eq. (3) with respect to the vector field A ν , we obtain the equation of motion for the vector field
where A µ := g µν A ν , and we have defined the energymomentum tensor of matter in the Jordan framẽ
with the inverse and determinant of the metric tensor in the Jordan frame Eq. (3), respectively, given bỹ
On the other hand, varying the action (2) with respect to the Einstein frame metric g µν , we obtain the gravitational equations of motion in the Einstein frame
where we have defined the energy-momentum tensor of the vector field and matter in the Einstein frame, respectively by,
and
withT :=g αβT αβ , B X := ∂ X B, and C X := ∂ X C. The mixed and covariant components of the energymomentum tensor of matter in the Einstein frame are given by
Acting ∇ ν on Eq. (7), with the use of the contracted Bianchi identity ∇ µ G µν = 0, we find
where we can rewrite both the sides as
Combining them, after some algebra, we obtain
B. The GR solutions and their stability
The metric g µν satisfying the Einstein equations in GR
and the vanishing vector field A µ = 0 (and hence X = 0) are the solution of the theory (2) with Eq. (3) for the coupling functions B(X) and C(X) are regular at X = 0 and C(0) = 1, which can be written in terms of the Taylor series with respect to X = 0,
where C n (n = 1, 2, 3, · · · ) and B n (n = 0, 1, 2, · · · ) are constants. For the regular couplings (17) and (18), substituting A µ = 0 into Eqs. (3), (8) , and (11), we find thatg
Eq. (7) reduces to the ordinary Einstein equation (16) and Eq. (4) is trivially satisfied. We then consider the small perturbations about the GR solutions with A µ = 0. At the level of the linear perturbations, the equations for the metric and vector field perturbations are decoupled. Thus, the metric perturbation δg µν obeys the the perturbed Einstein equation in GR,
where δG µν and δT µν are the perturbed Einstein and energy-momentum tensor of matter, respectively. From Eq. (4), the vector field perturbation δA µ satisfies
where δF µν := ∂ µ δA ν − ∂ ν δA µ is the perturbed field strength. Assuming the perfect fluid form of the matter energy-momentum tensor T µν = (ρ + p) u µ u ν + pg µν , where u µ is the four-velocity satisfying g µν u µ u ν = −1,
We assume a general static and spherically symmetric solution whose metric is given by
where ν and λ are functions of r, γ ab is the metric of the unit two-sphere, and the indices a, b, · · · run the directions of the two-sphere. In the static and spherically symmetric spacetime Eq. (23), only the t-and r-components of the vector field can have nonzero values
In the static GR background (23) with A t = A r = 0 and u µ ∝ δ µ t , at the level of the linearized perturbations we obtain
where the prime denotes the derivative with respect to r and we have defined
Combining Eqs. (25) and (26), we obtain the master equation for the vector field perturbation about the A t = A r = 0 background
In the case of the pure vector conformal coupling B 0 = 0 and C 1 = 0, D r = D r = m 2 + 2κ 2 C 1 (ρ − 3p) and for ρ − 3p > 0 the tachyonic instability would take place for C 1 < 0 even for m ≥ 0. The tachyonic instability suggests that the GR solution would spontaneously evolve to the nontrivial solution with the nonzero value of the vector field, which would be energetically more stable.
On the other hand, in the case of the pure vector disformal coupling B 0 = 0 and C 1 = 0, D t = m 2 + 2κ 2 B 0 ρ and D r = m 2 − 2κ 2 B 0 p, and hence especially for the massless case m = 0, we have D t D r ∝ −B 2 0 ρp < 0, irrespective of the sign of B 0 . This suggests that the GR solution would suffer from the ghost or gradient instability, rather than the tachyonic instability. This instability would be related to the breakdown of the hyperbolicity on the GR stellar backgrounds, rather than the mere energetic instability. Thus, the pure disformal coupling would not cause spontaneous vectorization as in the way analogous to spontaneous scalarization. Nevertheless, we will construct the solutions of the relativistic stars with the nontrivial profile of the vector field, as they may be formed via the initial conditions different from the GR solutions with A µ = 0.
III. STATIC AND SPHERICALLY SYMMETRIC SPACETIME
In this section, we focus on the static and spherically symmetric spacetime (23) and (24) , and derive the equations to analyze the hydrostatic structure of the relativistic stars, i.e., the modified Tolman-Oppenheimer-Volkoff equations.
A. The set of the equations of motion
The nonzero components in the Jordan frame (3) are given bỹ
We also assume the perfect fluld form of the energymomentum tensor of the matter in the Jordan frame:
The nonzero components of the energy-momentum tensor of matter in the Einstein frame are given by
The r-component of the vector field equation (4) is given by
which allows the two branches
Here, we choose the former branch A r = 0, and then Eq. (30) reduces tõ
and the energy-momentum tensor of matter in the Einstein frame also has the perfect fluid form whose compo-nents are given by
The t-component of the vector field equation of motion (4) is given by
On the other hand, the (t, t)-, (r, r)-, and (a, b)-components of the gravitational equations of motion (7) are given by 1
1
Finally, the nontrivial r-component of Eq. (15) is given bỹ
Eliminating λ with the mass function µ defined by
Eqs. (38) and (39) can be rewritten as
Eq. (41) is rewritten as
Similarly, eliminating λ, Eq. (37) reduces to
with the substitution of Eqs. (43) and (44). We focus on matter with the isotropic pressurẽ
and then all the unknown are the five variables ν, λ,ρ, p, and A t , while we have the four independent equations Eqs. (43), (44), (45), and (46). The system of the equations is closed once the equation of statẽ
is specified. We note that Eq. (40) is not independent of the other equations.
C. The interior solution
The interior solution is obtained by intergrating Eqs. (43), (44), (45), and (46) with a given equation of state (48) from the center of the star r = 0 to the surface of the star r = R whose position is determined by the condition p(R) =p(R) = 0.
(49) The interior solution in the vicinity of the center is given by
where
Without loss of generality, we set ν 0 = 0, so that the time coordinate t corresponds to the proper time at the center of the star. From Eq. (51), the case of m = 0, C(X) = 1, and B(X) = 0 recovers the stellar solution in GR
From Eq. (35), we find the relation of the mass functions and and radial coordinates of the Jordan and Einstein frames, wherẽ
respectively given bỹ
Thus, the radius of the star in both the frames is related byR
We assume that as r → ∞, X → 0, C(X) → 1, and C X is regular, and then the masses in both the frames coincideM
D. The external solution and the matching at the surface of the star From now on, we set m = 0. The external solution is then given by the Reissner-Nordström solution
where M , P , Q, and q ∞ are integration constants. The external solution is matched to the internal one at the surface of the star r = R determined by Eq. (49). Imposing the continuity of ν, ν ′ , A t and A ′ t at r = R,
M and Q correspond to the mass and vector field charge of the star. Since the gauge invariance is broken because of the vector field coupling to matter, P is also a physical quantiity. The proper time measured at the spatial infinity is given by dt ∞ = q ∞ dt. The redshift factor for photons radially travelling from the center of the star to the spatial infinity is given by
where ω 0 and ω ∞ are the frequencies measured at the center of the star and at the spatial infinity, respectively. Similarly, the redshift between the surface of the star and the spatial infinity is given by
where ω R represents the frequency measured at the surface of the star.
E. The polytrope equation of state
For the numerical analyses in Secs. V and VI, we employ the polytrope equation of statẽ
where ρ 0 = m b n is the rest mass density with m b and n being the baryonic mass and the number density, respectively, and Γ and K are constants. The mean baryonic mass is identified with the neutron mass m b = 1.6749 × 10 −24 g. The total energy density is given byρ = ρ 0 (1 + ǫ), where ǫ is the dimensionless internal energy per unit mass. For adiabatic nuclear matter, the first law of thermodynamics reduces to dρ = (ρ +p)dn/n. With dρ = m b (1 + ǫ)dn + m b ndǫ and (ρ +p)dn/n = m b (1 + n)dn + pdn/n, the first law leads top = m b n 2 ∂ǫ/∂n, which with Eq. (63) can be integrated as ǫ = Kρ Γ−1 0 /(Γ − 1). Thus, the relation between the total energy density and pressure in the Jordan frame is given bỹ
Defining the dimensionless number density by χ = ρ 0 /ρ 0 = n/n, withρ 0 = m bn andn = 0.1(fm) −3 being the mean number density of the baryonic particles, the total energy density and pressure can be written as
where K := K/(ρ 0 ) 1−Γ . Eq. (64) can be rewritten in terms of Kρ
For our numerical analyses, we will choose the parameters
We also parametrize the pressure at the center of the star (r = 0) as
where j represents a constant parameter. Correspondingly, from Eq. (66) then the energy density at the center of the star is given bỹ
IV. THE TEST VECTOR FIELD SOLUTIONS IN THE WEAK GRAVITY REGIMES
Before going to the numerical studies with the polytrope equation of state (63) and (66) in the next sections, we estimate the critical vector field couplings that enhance the amplitude and charge of the test vector field on top of the constant density star in GR.
For any regular coupling (17), the GR stellar solution with A t = A r = 0 exists in the vector-tensor theory (2) with Eq. (3). Since there is no distinction between the Jorndan and Einstein frames, ρ =ρ, and p =p. We consider an incompressible fluid,ρ = ρ 0 = const, where the interior metric and pressure (r < R) are given by
where at the surface of the star r = R,p(R) = 0, and M 0 and C are the total mass and compactness
The exterior solution (r > R) is given by the Schwarzschild metric
On top of the constant density star, the test vector field obeys the equation
Thus, in the weak gravity regime C ≪ 1, the approximated interior solution (0 < r < R) is given by
where we have chosen the regularity boundary conditions at the center of the star r = 0, for which the solution decreases. We assume that
We note that for B 0 + C 0 > 0, the interior solution regular at the center of the star grows as sinh( 2(B 0 + C 1 )ρ C κr)/r, which is not physical and excludes this possibility in the rest.
The exterior solution (r > R) is given by
The matching of Eqs. (74) and (76) at the surface of the star r = R provides
As −2(B 0 + C 1 )ρ C κR = −12(B 0 + C 1 )C, Q and A C are enhanced for the case
where n = 0, 1, 2, · · · denotes the number of nodes of the vector field inside the star. The estimation above is analogous to the case of spontaneous scalarization [7] .
Here, we focus on the fundamental 0 node solutions n = 0. Extrapolating to the relatively high compact star C = O(0.1), the value of the coupling for which the vector field is amplified is given by −(B 0 + C 1 ) = O(1.0). If the above static solution becomes the weak field approximation for the fully vectorized relativistic stars, it implies that the full vectorized solution would exist for (−B 0 ) or (−C 1 ) to be of O(1.0).
V. THE CASE OF THE PURE DISFORMAL COUPLING
In this section, we consider the simplest model with the pure disformal coupling given by
where B 0 is the constant. From Eq. (56) and (57), we obtainR
As argued in Sec. II B, the pure disformal coupling induces the ghost or gradient instability of the GR solutions, rather than the tachyonic instability. Thus, the hyperbolicity of the perturbations is broken on the GR stellar background and hence spontaneous vectorization analogous to spontaneous scalarization would not take place. Nevertheless, we will study the nontrivial solutions satisfying the boundary condition P = 0, as they may be formed from another choice of the initial conditions. As we will see below, the properties of the solutions are similar to those obtained in the generalized Proca theories [18] .
A. The 0 node solutions First, we focus on the 0 node solutions, where the temporal component of the vector field A t never crosses 0 both the interior and exterior of the star. In Fig. 1 , the typical behavior for the 0 node solutions is shown for B 0 = −0.5 and j = 1.0. In the top panel, the red and blue curves represent the energy densityρc 2 and pressurẽ p inside the star, respectively. The bottom panel shows the temporal component of the vector field A t as the function of the radius. In the bottom panel, the red and black curves represent the values of A t inside and outside the star, respectively. In both the panels, the horizontal axis is shown in the units of cm. In the bottom panel, the vertical axis is shown in the units of dyne · cm −2 . We note that 10 7 cm = 100km. In Fig. 2 , following Eq. (60), P is shown as the function of A C for B 0 = −0.5. The red, blue, green and black curves correspond to the cases of j = 0.5, 1.0, 2.0, 3.0, respectively. All the curves take P = 0 at A C = 0, which corresponds to the GR solutions. The curves for j = 0.5, 1.0, 2.0 take the positive values for the smaller A C , and then cross the axis of P = 0 once, where the 0 node solutions exist. On the other hand, the curve for j = 3.0 never crosses the axis of P = 0 except at A C = 0 and hence there exists only the GR solutions. As j, i.e.,p C , increases, the root of P = 0 becomes smaller and finally reaches the origin A C = 0. Thus, above the critical value of j, the 0 node solutions converge to the GR solutions with A C = 0. In Fig. 3 , the mass-radius relation is shown for the 0 node solutions. In the top panel, the red, blue, and green curves correspond to the cases of B 0 = −0.3, −0.5, −0.7, respectively, while the black curve correspnds to the GR solutions. The bottom panel focuses on the case of B 0 = −0.5. In the bottom panel, the black dashed curve represents the range of the branch of the GR solutions for which the branch of the 0 node solutions coexists. The radius and mass are measured in the units of km and the Solar mass M ⊙ = 1.988 × 10 33 g, respectively. As j, i.e., p C , decreases, both the mass and radius increase. On the other hand, as j increases, the branch of the nontrivial vector field solutions finally converges to that of the GR solutions.
For j = O(1.0), the 0 node solutions exist only for B 0 = O(−0.1). The similar behavior was also observed in the generalized Proca theories [18] . In our model, as suggested in Sec. II B, the 0 node solutions arise from the selected choice of the initial conditions rather than the instability of the GR solutions, as the hyperbolicity of the perturbations would be broken on the GR stellar backgrounds.
B. The 1 node solutions
Next, we focus on the 1 node solutions. In Fig. 4 , the typical behavior for the 1 node solutions is shown for B 0 = −5.0 and j = 2.0. In the top panel, the red and blue curves represent the energy densityρc 2 and pressurẽ p inside the star, respectively. The bottom panel shows the temporal component of the vector field A t as the function of the radius. In the bottom panel, the red and black curves represent the values of A t inside and outside the star, respectively. In both the panels, the horizontal axis is shown in the units of cm. In the bottom panel, the vertical axis is shown in the units of dyne · cm −2 . We note that 10 7 cm = 100km. A t crosses 0 inside the star in the vicinity of the surface. In Fig. 5 , P is shown as the function of A C for B 0 = −5.0. The red, blue, green, and black curves correspond to the cases of j = 0.3, 1.0, 2.0, 3.0, respectively. For the smaller j, i.e.,p C , as shown by the red curve, there is no root satisfying P = 0, which corresponds to the 1 node solutions. For the larger j, i.e.,p C , as shown by the blue, and green curves, two roots of P = 0 appear at the finite A C . As j further increases, the smaller root approaches 0 and finally converges to the GR solutions A C = P = 0, while the larger root keeps increasing. For the sufficient large j, only the larger root exists. As in Ref. [18] , we focus on the smaller root and show the mass-radius relation.
In Fig. 6 , the top panel shows the mass-radius relation for the 1 node solutions. The red, blue, and green curves correspond to the cases of B 0 = −5.0, −6.0, −7.0, while the black curve correspnds to the GR solutions. The bottom panel shows the solution for B 0 = −5.0. In the bottom panel, the black dashed curve represents the range of the branch of the GR solutions for which the branch of the 1 node solutions coexists. The radius and mass are measured in the units of km and the Solar mass M ⊙ , respectively. In the bottom panel, for the smaller values of j, i.e., smallerp C , the solution is described by the GR solution with the polytrope equation of state, and across the critical central pressure j ≈ 0.785, it suddenly jumps to the nontrivial 1 node solutions described by the red curve. As j further increases, the radius increases but the mass decreases, and the branch of the 1 node solutions finally converges to that of the GR solutions at j ≈ 2.63.
For j = O(1.0), we observe that the 1 node solutions exist for B 0 = O(−1.0). The behavior of the 1 node solutions is also similar to what was observed in Ref. [18] . As seen in Fig. 6 , in the low density regimes the branch of the 1 node solutions is disconnected to the branch of the GR solutions. This indicates that the 1 node solutions may also be formed from the selected choice of the initial conditions. Although we have not employed the more realistic equation of states, we expect that the essential results are insensitive to the choice of the equations of state.
VI. THE CASE OF THE PURE CONFORMAL COUPLING
Finally, we consider the model with the pure conformal coupling given by
where C 1 is the constant. The relation of the mass and radius of the star in both the frames is given by Eqs.
(56) and (57), respectively. We then focus on the solutions satisfying the boundary condition P = 0. As we have seen in Sec. II B, these solutions may be formed as the consequence of the tachyonic instability of the GR solution. In this section, we focus only on the 0 node solutions, as they can be obtained for C 1 = O(−1.0), which is the value suggested from the analysis of the weak gravity limit in Sec IV. While the model with the massive vector field m = 0 was analyzed in Ref. [14] , we will focus on the model of the massless vector field m = 0. In Fig. 7 , the typical behavior for the 0 node solutions is shown for C 1 = −1.0 and j = 1.0. In the top panel, the red and blue curves represent the energy densityρc 2 and pressurep inside the star, respectively. The bottom panel shows the temporal component of the vector field A t as the function of the radius. In the bottom panel, the red and black curves represent the values of A t inside and outside the star, respectively. In both the panels, the horizontal axis is shown in the units of cm. In the bottom panel, the vertical axis is shown in the units of dyne · cm −2 .
In Fig. 8 , following Eq. (60), P is shown as the function of A C for C 1 = −1.0 (the top panel) and C 1 = −2.0 (the bottom panel). In the top panel, the black, red, blue, and green curves correspond to the cases of j = 0.5, 1.0, 1.5, 2.0, respectively. In the bottom panel, the black, red, blue, and green curves correspond to the cases of j = 0.01, 0.05, 0.1, 0.5, respectively. In both the panels, all curves take P = 0 at A C = 0, which correspond to the GR solutions. For C 1 = −1.0, the curves of j = 1.0, 1.5, 2.0 cross the axis of P = 0 at A C = 0 which correspond to the nontrivial 0 node solutions, while the curve of j = 0.5 has no root other than A C = 0. As j, i.e.,p C , increases, the root of A C = 0 increases, then decreases and finally converges to the GR solutions A C = 0. Thus, the nontrivial 0 node solutions exist in the intermediate range ofp C , and in the low and high density regimes they converge to the GR solutions. On the other hand, for C 1 = −2.0, the curve of j = 0.5 crosses the axis of P = 0 once at A C = O(1.0). The curves for j = 0.01, 0.05, 0.1 cross the axis of P = 0 twice. The smaller root exists only for j < O(0.1), and at the certain j converges to the branch of the GR solutions. The larger root keep increasing for the increasing j. Thus, the behavior for C 1 = −2.0 is qualitatively dif- ferent from the cases of |C 1 | O(2.0), and especially the low density regimes the 0-node solutions are not smoothly connected to the GR solutions.
In Fig. 9 the mass-radius relation for the 0 node solutions is shown. The red, blue, and green curves correspond to the cases of the 0 node solutions for C 1 = −1.0, −1.2, −1.5, respectively, while the black curve correspnds to the case of the GR solutions. The radius and mass are measured in the units of km and the Solar mass M ⊙ , respectively. For C 1 = −1.0, −1.2, −1.5, the branch of 0 node solutions is connected to the branch of the GR solutions. Thus, as in the case of spontaneous scalarization, in the mass-radius relation, the branch of the 0 node solutions bifurcates from the branch of the GR solutions in the low density regimes. After the significant deviations from the branch of the GR solutions, they finally merge to the GR solutions in the high density regimes. For the same radius of the star, the mass of the star for 0 node solutions becomes smaller than that for the GR solutions. On the other hand, for C 1 = −2.0 the branch of the 0 node solutions is disconnected to the branch of the GR solutions in the low density regime, while it marges to the branch of the GR solutions in the high den- sity regimes. For such a case, spontaneous vectorization would not happen in the same manner as spontaneous scalarization.
Although we have focused on the simplest model (81), we expect that spontaneous vectorization would still take place for the more general couplings (17) with C 1 < 0 and C n = 0 (n = 2, 3, · · · ). While the behaviour in the vicinity of the bifurcation points from the branch of the GR solutions in the low and high density regimes in the massradius diagram would remain the same, the behavior in the intermediate density regime would depend crucially on the choice of the coupling function C(X). The case of the other coupling function C(X) and the inclusion of the nonzero bare mass of the vector field m = 0 will be left for the future work.
VII. CONCLUSIONS
In this paper, we have examined the possibility of spontaneous vectorization in the vector-tensor theories with the vector conformal and disformal couplings to matter given by the action Eq. (2) with (3). In each class of the couplings, we have constructed the static and spherically symmetric solutions of the relativistic stars with the nontrivial profile of the vector field satisfying the boundary conditions of the vanishing vector field at the spatial infinity, A µ (r → ∞) = 0. We have worked from the viewpoint of the Einstein frame. The gravitational action (2) written in terms of the Jordan frame metric belongs to a class of the beyond-generalized Proca theories. First, we have considered the general couplings which allow the general relativistic (GR) solutions. After varying the action, we have derived the covariant equations of motion. Then, applying to the static and spherically symmetric spacetime, we have derived the modified Tolman-Oppenheimer-Volkoff equations. The radial component of the vector field equation forces us to set the radial component of the vector field to zero, A r = 0. In the case that the bare mass of the vector field is zero, the exterior solution is given by the Reissner-Nordström solution. The external solution is matched to the internal solution constructed by solving the modified Tolman-Oppenheimer-Volkoff equations from the center to the surface of the star under the regularity boundary conditions at the center of the star. The matching at the surface of the star determines the mass and the vector field charge of the star.
After deriving the covariant equations of motion, we have investigated the linear perturbations about the static and spherically symmetric GR solutions. Focusing on the radial perturbations, we have found that the vector conformal and disformal couplings cause different kinds of instability. In the case of the pure conformal coupling, we have shown that the GR solutions suffer from the tachyonic instability, indicating that the GR solutions would spontaneously evolve to the nontrivial solutions with the nonzero value of the vector field.
On the other hand, in the case of the pure vector dis-formal coupling, we argued that the GR solutions suffer from the ghost or gradient instability, indicating the breakdown of the hyperbolicity on the GR stellar backgrounds. Thus, we have expected that the pure disformal coupling would not cause spontaneous vectorization as in the same manner as spontaneous scalarization, and the stellar solutions with the nontrivial profile of the vector field may be formed from the selected class of the initial conditions. Second, we have focused on the simplest model with the pure disformal coupling (79). We have constructed the static and spherically symmetric solutions with the asymptotic value P = 0. The properties of the stellar solutions are similar to those in the generalized Proca theories [18] . The 0 node solutions exist for the coupling parameter of O(−0.1), while the 1 node solutions exist for the coupling parameter of O(−1.0). As expected, in the mass-radius relation the branch of the 0 node solutions is disconnected to that of the GR solutions in the low density regimes.
On the other hand, we have also studied the simplest model with the pure conformal coupling (81). We have argued that the 0 node solutions are formed spontaneously via the continuous evolution from the GR solutions. For the smaller absolute value of the conformal coupling parameter, we have found that the branch of the 0 node solutions is connected to that of the GR solutions in the low density regimes, and hence these 0 node so-lutions may be the vectorized solutions arising from the tachyonic instability of the GR solutions. The mass of the 0 solutions is always smaller than that of the GR solutions. On the other hand, for the larger absolute value of the coupling parameter, the branch of the 0 node solutions is disconnected to that of the GR solutions in the low density regimes, and hence the 0 node solutions may be formed from the selected choice of the initial conditions.
While in the present work we have focused on the simplest cases of the pure vector conformal and disformal couplings with the polytrope equation of state, the analysis of the more general models with the more realistic equations of state will be left for the future studies. We will also leave the analysis of the time evolution toward the nontrivial solutions of the vector field for the future work. Clarifying these points will make the difference of the properties of spontaneous vectorization from those of spontaneous scalarization more evident.
